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ABSTRACT
We consider the couplings of an infinite number of spin-2 fields to gravity ap-
pearing in Kaluza-Klein theories. They are constructed as the broken phase
of a massless theory possessing an infinite-dimensional spin-2 symmetry. Fo-
cusing on a circle compactification of four-dimensional gravity we show that
the resulting gravity/spin-2 system in D = 3 has in its unbroken phase an
interpretation as a Chern-Simons theory of the Kac-Moody algebra ̂iso(1, 2)
associated to the Poincare´ group and also fits into the geometrical framework of
algebra-valued differential geometry developed by Wald. Assigning all degrees
of freedom to scalar fields, the matter couplings in the unbroken phase are
determined, and it is shown that their global symmetry algebra contains the
Virasoro algebra together with an enhancement of the Ehlers group SL(2,R)
to its affine extension. The broken phase is then constructed by gauging a
subgroup of the global symmetries. It is shown that metric, spin-2 fields and
Kaluza-Klein vectors combine into a Chern-Simons theory for an extended
algebra, in which the affine Poincare´ subalgebra acquires a central extension.
November 2005
1 Introduction
The AdS/CFT correspondence is still one of the most promising avenues towards a deeper
understanding of the strong coupling mysteries of gauge theories on the one hand and non-
perturbative effects of string or gravity theories on the other hand [1, 2, 3]. However, to
use the AdS/CFT correspondence even at the level where the supergravity approximation
is valid, one has to compare the full non-linear couplings of in general massive Kaluza-
Klein states to operators of corresponding conformal dimension on the CFT side, and
a restriction to massless modes is therefore unsatisfactory. Moreover, as the internal
manifolds appearing in the background geometries of 10-dimensional supergravity, like
AdS5 × S5 or AdS3 × S3 × T 4, are typically of the same size as the Anti-de Sitter space,
the masses of the higher Kaluza-Klein states are very small, and it is therefore in no
sense an effective description to truncate them out. Nevertheless, usually one indeed
inspects only the lowest multiplet, simply because of our lack of knowledge concerning
the effective actions of the higher ones. This paper aims to go a first step towards a
construction of the full action containing the whole tower of Kaluza-Klein modes.
In practice it is a very tedious task even to compute the effective action for the zero-
modes. Thus, in the case of a generic internal manifold one would have no chance to
compute the action for the full tower of Kaluza-Klein modes directly. Instead one there-
fore may construct the action directly in the lower-dimensional space-time by identifying
the underlying symmetries and deriving the possible couplings which are allowed by them.
This approach has been proven to be very fruitful in the construction of gauged super-
gravities. For instance, in case that the number of unbroken supercharges is sufficiently
large it is usually sufficient to identify the underlying gauge group, which is given by the
isometry group of the internal manifold, and the spectrum of the various fields under
this gauge group. More recently this program has been applied to gauged supergravity
in D = 3 [4, 5]. In this way a tower of massive spin-1 Kaluza-Klein multiplets for super-
gravity on AdS3 × S3 ×K (K = T 4 or K3) has been described as a unique gauging of
three-dimensional supergravity [5], where the vectors get massive via a three-dimensional
version of the Higgs mechanism. What was missing in this description is the full tower of
massive spin-2 multiplets (originating from the higher-dimensional metric and its super-
partners). It is our aim in this paper to incorporate towers of massive spin-2-fields via
coupling massless spin-2 fields to gravity and establishing a novel version of the Higgs
mechanism by which they can become massive.
However, it is not clear a priori whether such a massless spin-2 theory actually exists.
Even though we know that the massive theory appearing via Kaluza-Klein reduction has
to be consistent, the direct construction of gravity/spin-2 coupled systems seems to be
disabled by the so-called interaction problem for higher-spin fields. The latter states
that it is not clear how to construct an interacting theory of higher spin fields (with spin
s > 1), in particular how to couple them to gravity (for a recent review see [6].) The
latter holds for massive and more severely also for massless fields. Let us illustrate this
problem in the case of a massless spin-2 field. The action for a free massless field of
arbitrary spin on a Minkowski background1 has been constructed by Pauli and Fierz [7]
1Even though we are ultimately interested in the AdS case, we will restrict the analysis to Minkowski
backgrounds and discuss later on possible generalizations to AdS spaces.
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and is given in the case of a spin-2 field hµν by
S =
∫
dDx
[
1
2
∂µhνρ∂
µhνρ − ∂µhµν∂ρhρν + ∂µhµν∂ν hˆ− 1
2
∂µhˆ∂
µhˆ
]
, (1.1)
where hˆ = ηµνhµν denotes the trace evaluated in the Minkowski metric. This of course
coincides with the linearization of the Einstein-Hilbert action and is moreover invariant
under the spin-2 gauge transformations δhµν = ∂µξν + ∂νξµ, which are the linearized dif-
feomorphisms. To couple this spin-2 field to gravity, naively one would replace all partial
derivatives in (1.1) by covariant ones. However, this would violate the invariance under
any obvious covariantisation of the spin-2 transformation due to the non-commutativity
of covariant derivatives, [∇µ,∇ν ] ∼ Rµν . This in turn would render the theory incon-
sistent since there is no longer a symmetry which reduces the propagating degrees of
freedom to the required 1
2
D(D − 3) of spin-2. And indeed it has been proven several
times in the literature that spin-2 fields cannot be coupled consistently to gravity (see
e.g. [8, 9, 10]). Even though in [11, 12] Cutler and Wald were able to construct inter-
acting multi-graviton theories that are consistent in the sense that they admit a spin-2
gauge invariance, later on it has been shown [9] that all of these theories are unphysical
due to the presence of ghost-like excitations.
The reasoning given for the interaction problem so far seems to apply only for massless
fields, in which case one has to have a gauge symmetry, but it is actually more severe in
that also a coupling of massive higher spin fields to gravity is in general not consistent.
(For the case of massive spin-2 fields a very clear discussion of the consistency problems
can be found in [10], see also [13] and [14, 15].)
To make this point more transparent, we remind the reader that actually the same
problem appears for massless spin-3/2 fields ψµ, whose free gauge symmetry δψµ = ∂µǫ
is also not consistent with gravity couplings. But here it has been partially solved by
the invention of local supersymmetry. Therefore a number of massless spin-3/2 fields
can be coupled to gravity if they are realized as gauge fields of supersymmetry, and
moreover, couplings of massive spin-3/2 fields are only consistent if they are realized
through spontaneously broken supersymmetry. The massive spin-3/2 fields appearing
in Kaluza-Klein reductions therefore have to be accompanied by spontaneously broken
supercharges. For instance, recently we have constructed the effective supergravity action
for a massive spin-3/2 multiplet appearing in the KK reduction on AdS3 × S3 × S3 as a
spontaneously broken maximal N = 16 supergravity theory [16], which therefore in total
has twice as much supersymmetry than is actually preserved by the background. But the
theory admits no symmetric phase, such that half of the gravitinos get massive through
a super-Higgs mechanism. However, the possible number of spin-3/2 fields is limited by
the maximal amount of 32 real supercharges, and it remains the puzzle how an infinite
KK tower of spin-3/2 fields can be coupled to gravity.
One of the main aims of the present paper is to analyze in which way consistency of
the gravity/spin-2 coupling in Kaluza-Klein theories can be achieved. That means, we
will show in which way a spin-2 symmetry is realized in the full non-linear theory that
guarantees consistent couplings in the same sense as supersymmetry does for spin-3/2
fields. More precisely, we will construct an unbroken phase with couplings of an infinite
number of massless spin-2 fields to gravity and possessing a larger symmetry structure.
This theory will then be deformed via gauging certain rigid symmetries, which in turn
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modifies the spin-2 symmetry. This is in analogy to the deformation of an ungauged into
a gauged supergravity, which also modifies the supersymmetry variations.
In this paper we will focus on a KK reduction to D = 3. This is mainly motivated by
the topological nature of massless spin-2 fields and the fact that the analogous construc-
tion of gauged supergravities in D = 3 is significantly simplified due to the fact that in
the ungauged theory all propagating bosonic degrees of freedom can be assigned to scalar
fields by use of standard Poincare´ duality [17, 18]. In fact, starting from a formulation
where all vectors have been dualized into scalars, the global symmetry group is enhanced,
e.g. in the maximally supersymmetric case it is the exceptional group E8(8). Gauging
of a subgroup of the global symmetry can in turn be performed by just introducing a
topological Chern-Simons term for the gauge fields (and adding some Yukawa-type cou-
plings). The analysis of the possible gaugings consistent with supersymmetry can then
be performed in a completely algebraic way. Fortunately, also gauged supergravities with
Yang-Mills type gauging are covered by these theories, since the on-shell duality between
vectors and scalars actually persists also in the gauged phase, as has been shown in [4, 19].
It will be our aim in this paper to outline a similar procedure for the construction of
the effective action of massive KK states in D = 3, i.e. we have to show that all degrees
of freedom can be dualized into scalar fields. In an unbroken limit, where the KK masses
go to zero, these will then exhibit an enhanced global symmetry, which severely restricts
the form of the couplings. In addition we will have a local spin-2 symmetry for infinitely
many massless spin-2 fields in much the same way as one has local supersymmetry in
an ungauged supergravity theory. The broken phase of the KK theory will then be
constructed by gauging part of the global symmetry, or in other words by switching on a
gauge coupling, which will turn out to be given by the mass scale M characterizing the
inverse radius of the internal manifold. This gauged deformation in turn will induce a
mass term for the spin-2 fields such that a novel Higgs mechanism for the spin-2 fields is
possible in the same way as a super-Higgs effect appears in gauged supergravity.
More specifically, we have to address the following questions:
(i) How can we identify the unbroken phase, and how is the spin-2 symmetry realized
in this limit? In particular, how does this theory fit into the no-go results discussed
in the literature before?
(ii) Which global symmetry is realized on the scalar fields in this phase?
(iii) Which subgroup of the global symmetries has to be gauged in order to get the full
Kaluza-Klein theory? Does a formulation exist also for the gauged phase, where
all vector and spin-2 fields appear to be topological?
(iv) How does the spin-2 symmetry get modified due to the gauging?
The first step will therefore be to identify the ungauged theory with its symmetries,
i.e. to answer question (i). The required symmetries that appear in Kaluza-Klein reduc-
tions have in part been analyzed some time ago by Dolan and Duff in [20], where they
showed that in the simplest case of an S1 compactification including all massive modes
a local Virasoro algebra vˆ corresponding to the diffeomorphisms on S1 as well as the
affine extension ̂iso(1, 2) of the Poincare´ algebra appear. The latter describes an infinite-
dimensional spin-2 symmetry, which in the Kaluza-Klein theory is spontaneously broken
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to the usual diffeomorphism group such that all higher spin-2 fields get massive via eat-
ing vectors and scalars. We will construct a consistent infinite-dimensional gauge theory
for massless spin-2 fields as a Chern-Simons theory of ̂iso(1, 2) and moreover show that
the scalar fields span a kind of non-linear σ-model with target space ̂SL(2,R)/ŜO(2),
exhibiting an enlarged global symmetry, which answers question (ii). Answering question
(iii) we will gauge part of the global symmetry, which in turn modifies the spin-2 sym-
metries. In the formulation, where all degrees of freedom appear in scalar fields, the KK
vectors are topological and we will show that they combine with the spin-2 fields into a
Chern-Simons theory for an extended algebra, which enlightens the modification of the
spin-2 symmetries, thus answering in part question (iv). Schematically, the situation is
given below.
Unbroken phase:
CS theory for ̂iso(1, 2) +
σ-model ̂SL(2,R)/ŜO(2),
spin-2 symmetry
gauging−−−−−→
Broken phase:
CS theory for extended
algebra + gauged σ-model,
deformed spin-2 symmetryxabelian duality ynon-abelian duality
Unbroken phase:
Scalars φn, U(1) vectors Anµ,
reduced global symmetry,
spin-2 symmetry
M→0←−−−−
Broken phase:
4D gravity on R3 × S1,
infinite tower of spin-2
fields with mass scale M
In order to get the full Kaluza-Klein theory (given in the lower right corner) we show
how to construct the ungauged theory with its enlarged symmetry group (given in the
upper left corner). Then we argue that via gauging part of the global symmetries we
obtain a theory (given in the upper right corner) which is on-shell equivalent to the
original theory. However, in the case of a reduction on S1 the effective action can also
be computed directly (and in fact has been computed for reductions to D = 4, see
[21, 22, 23, 24, 25]), i.e. the unbroken phase could then be determined by taking the
limit M → 0 (i.e. obtaining the theory in the lower left corner) and then performing a
standard dualization. Nevertheless this is the simplest case, where one can analyze the
general aspects of the program outlined above, which is crucial in order to apply this
procedure to more complicated internal manifolds.
The paper is organized as follows. After reviewing in sec. 2 the results of [20] applied
to the case of an S1 compactification to D = 3, the unbroken phase with vanishing KK
masses will be discussed in sec. 3. For this we will construct a consistent coupling of
infinitely many massless spin-2 fields to gravity and discuss its relation to a geometrical
framework introduced by Wald in [12]. Finally, after dualization we analyze the symme-
tries of the σ-model, which is spanned by the scalar fields. In sec. 4 we will turn to the
general problem of gauging a subgroup of the global symmetries found in sec. 3 and see
in particular how the topological fields combine into an extended Chern-Simons theory,
somehow unifying the internal symmetries with the spin-2 symmetries. We conclude in
sec. 5 with a discussion, including those aspects which apply also to KK reductions to
dimensions other than D = 3, while a generalization to arbitrary internal manifolds will
be discussed in the appendix.
4
2 Kac-Moody symmetries for a Kaluza-Klein theory
on R3 × S1
It has been shown by Dolan and Duff [20] that Kaluza-Klein compactification can be
analyzed from the following point of view. The infinite tower of massive modes in the
lower-dimensional Kaluza-Klein spectrum can be viewed as resulting from a sponta-
neous symmetry breaking of an infinite-dimensional Kac-Moody-like algebra down to the
Poincare´ group times the isometry group of the internal manifold. This infinite dimen-
sional symmetry group is a remnant of the higher dimensional diffeomorphism group.
To be more specific let us review Dolan and Duff’s analysis applied to the case of a
Kaluza-Klein reduction on R3 × S1. We start from pure Einstein gravity in D = 4 and
split the vielbein EAM in D = 4 as follows
2:
EAM =
(
φ−1/2eaµ φ
1/2Aµ
0 φ1/2
)
. (2.1)
Here we have chosen a triangular gauge and also performed a Weyl rescaling. The fields
are now expanded in spherical harmonics of the compact manifold, which for S1 simply
reads
eaµ(x, θ) =
∞∑
n=−∞
ea(n)µ (x)e
inθ , Aµ(x, θ) =
∞∑
n=−∞
Anµ(x)e
inθ ,
φ(x, θ) =
∞∑
n=−∞
φn(x)einθ,
(2.2)
where we have to impose the reality constraint (φ∗)n = φ−n and similarly for the other
fields. Truncating to the zero-modes, the effective Lagrangian is given by
L = −eR(3) + 1
2
egµνφ−2∂µφ∂νφ− 1
4
eφ2gµρgνσFµνFρσ , (2.3)
where as usual Fµν denotes the U(1) field strength for Aµ. This action is invariant under
three-dimensional diffeomorphisms and U(1) gauge transformations.
Let us next analyze how the four-dimensional symmetries are present in the Kaluza-
Klein theory without any truncation. For this we notice that the diffeomorphisms in
D = 4, which are locally generated by a vector field ξM , are restricted by the topology
of the assumed ground state R3 × S1 to be periodic in θ. Therefore we have to expand
similarly
ξµ(x, θ) =
∞∑
n=−∞
ξµ(n)(x)einθ , ξ5(x, θ) =
∞∑
n=−∞
ξ5(n)(x)einθ . (2.4)
The four-dimensional diffeomorphisms act on the vielbein as
δξE
A
M = ξ
N∂NE
A
M + ∂Mξ
NEAN , (2.5)
2M,N, ... = 0, 1, 2, 5 denote D = 4 space-time indices, A,B, ... are flat D = 4 indices and the
coordinates are called xM = (xµ, θ/M), where M is a mass scale characterizing the inverse radius of the
compact dimension. Our metric convention is (+,−,−) for D = 3 and similar for D = 4.
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and by applying this formula to (2.1) we get
δξφ = ξ
ρ∂ρφ+ ξ
5∂5φ+ 2φ∂5ξ
ρAρ + 2φ∂5ξ
5 ,
δξAµ = ξ
ρ∂ρAµ + ξ
5∂5Aµ + ∂µξ
ρAρ + ∂µξ
5 − Aµ∂5ξρAρ −Aµ∂5ξ5 ,
δξe
a
µ = ξ
ρ∂ρe
a
µ + ξ
5∂5e
a
µ + ∂µξ
ρeaρ + ∂5ξ
5eaµ + ∂5ξ
ρAρe
a
µ .
(2.6)
Moreover we have to add a compensating Lorentz transformation with parameter τa5 =
−φ−1∂5ξρeaρ to restore the triangular gauge,
δτφ = 0 , δτe
a
µ = −Aµ∂5ξρeaρ , δτAµ = −φ−2∂5ξρgρµ , (2.7)
where as usual we have written gµν = e
a
µeνa, but now with θ-dependent vielbein. Using
the mode expansion for the fields in (2.2) and the transformation parameter in (2.4), one
gets an infinite-dimensional Kaluza-Klein symmetry acting on the fields as3
δφn = ξρk∂ρφ
n−k + iM
∑
k
(n + k)ξ5kφ
n−k + 2iM
∑
k,l
kξρkφ
n−k−lAlρ ,
δAnµ = ∂µξ
5
n + iM
∑
k
(n− 2k)ξ5kAn−kµ + ξρk∂ρAn−kµ + ∂µξρkAn−kρ
− iM
∑
k,l
kξρk(φ
−2)n−k−lglρµ − iM
∑
k,l
kξρkA
n−k−l
µ A
l
ρ ,
δea(n)µ = ξ
ρ
k∂ρe
a(n−k)
µ + ∂µξ
ρ
ke
a(n−k)
ρ
+ iMnξ5ke
a(n−k)
µ + iM
∑
k,l
kξρk
(
ea(n−k−l)µ A
l
ρ − ea(n−k−l)ρ Alµ
)
.
(2.8)
Here (φ−2)n is implicitly defined by φ−2 =
∑
∞
n=−∞(φ
−2)neinθ.
We see now that the standard Kaluza-Klein vacuum given by the vacuum expectation
values
〈gµν〉 = ηµν , 〈Aµ〉 = 0 , 〈φ〉 = 1 , (2.9)
is only invariant under rigid k = 0 transformations, or in other words the infinite-
dimensional symmetry is spontaneously broken to the symmetry of the zero-modes, i.e.
to three-dimensional diffeomorphisms and a U(1) gauge symmetry.
To explore the group structure which is realized on the whole tower of Kaluza-Klein
modes including its spontaneously broken part, Dolan and Duff proceeded as follows.
Expanding the generators of the D = 3 Poincare´ algebra as well as those for the diffeo-
morphisms on S1 into Fourier modes, one gets
P na = e
inθ∂a , J
n
ab = e
inθ(xb∂a − xa∂b) , Qn = −Meinθ∂θ , (2.10)
where we have used flat Minkowski indices. This implies after introducing Ja = 1
2
εabcJbc
the following symmetry algebra
[Pma , P
n
b ] = 0 , [J
m
a , J
n
b ] = εabcJ
c(m+n) , [Jma , P
n
b ] = εabcP
c(m+n) ,
[Qm, Qn] = iM(m− n)Qm+n ,
[Qm, P na ] = −iMnPm+na , [Qm, Jna ] = −iMnJm+na ,
(2.11)
3We will adopt the Einstein convention also for double indices m,n = −∞, ...,∞, but indicate sum-
mations explicitly, if the considered indices appear more than twice.
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i.e. we get the Kac-Moody algebra associated to the Poincare´ group as well as the
Virasoro algebra, both without a central extension. More precisely, we have a semi-
direct product of the Virasoro algebra vˆ with the affine Poincare´ algebra ̂iso(1, 2) in the
standard fashion known from the Sugawara construction [26]. This algebra should be
realized as a local symmetry. However, this latter statement is a little bit contrived since
even the diffeomorphisms (i.e. the k = 0 transformations) are known not to be realized in
general as gauge transformations for a certain Lie algebra, e.g. as gauge transformations
for the Pa. One aim of the present paper is to clarify this question in the case of a KK
reduction to D = 3, and we will see how a modification of (2.11) appears as a proper
gauge symmetry.
In summary, from this infinite-dimensional symmetry algebra only iso(1, 2) × u(1)
remains unbroken in the Kaluza-Klein vacuum. This in turn implies that the fields Anµ
and φn for n 6= 0, which correspond to the spontaneously broken generators ξµn and ξ5n,
can be identified with the Goldstone bosons. They get eaten by the spin-2 fields e
a(n)
µ ,
such that the latter become massive. A massless spin-2 field carries no local degrees of
freedom in D = 3, while a massless vector as well as a real scalar each carry one degree
of freedom in D = 3, such that in total the massive spin-2 fields each carry two degrees
of freedom, as expected.
3 Ungauged phase of the Kaluza-Klein theory
We have seen in the last section that the full tower of Kaluza-Klein modes on R3 × S1
carries a representation of an infinite-dimensional, but spontaneously broken symmetry
algebra. As indicated in the introduction we are going to construct the action for this
theory by first starting from its unbroken phase, where all spin-2 fields appear massless
and then gauging a certain subgroup of the global symmetries. The unbroken phase
is given by the limit, where the mass scale M → 0, or equivalently, where the radius
of the compact dimension goes to infinity. In other words, the gauge coupling g will be
determined by this mass scale, g = M . In 3.1 and 3.2 we discuss the theory describing the
pure spin-2 sector. Additional matter couplings will be introduced in 3.3, while possible
dualizations are discussed in sec. 3.4.
3.1 Infinite-dimensional spin-2 theory
To construct the theory containing infinitely many massless spin-2 fields coupled to grav-
ity, we remember that according to (2.11) it should have an interpretation as a gauge
theory of the Kac-Moody algebra ̂iso(1, 2). However, as we already indicated in the
discussion at the end of the previous section, in general dimensions this is not a helpful
statement, because not even pure gravity has an honest interpretation as a Yang-Mills-
like gauge theory. Fortunately, Witten has shown that in contrast gravity in D = 3 can
be viewed as a gauge theory of the Poincare´ algebra iso(1, 2), namely as a Chern-Simons
theory for this particular non-compact gauge group [27]. Furthermore, the symmetries of
general relativity, i.e. the diffeomorphisms, are on-shell realized as the non-abelian gauge
transformations. We are going to show that correspondingly the Chern-Simons theory
7
of the affine ̂iso(1, 2) describes a consistent coupling of infinitely many spin-2 fields to
gravity.
To start with, we recall the Chern-Simons theory for a gauge connection A, which is
given by
SCS =
∫
Tr
(A∧ dA+ 2
3
A ∧A ∧A) . (3.1)
Here the trace refers symbolically to an invariant and non-degenerate quadratic form on
the Lie algebra. The invariance of the quadratic form 〈 , 〉 then implies that under an
arbitrary variation one has
δSCS =
∫
〈δAµ,Fνρ〉dxµ ∧ dxν ∧ dxρ , (3.2)
where Fµν = ∂µAν − ∂νAµ + [Aµ,Aν ] denotes the field strength. In particular, under a
gauge transformation δAµ = Dµu, where Dµ denotes the gauge covariant derivative
Dµu = ∂µu+ [Aµ, u] (3.3)
of an infinitesimal transformation parameter u, the action is invariant due to the Bianchi
identity. In addition, the non-degeneracy of the quadratic form implies the equations of
motion Fµν = 0.
Therefore, to construct the Chern-Simons theory for ̂iso(1, 2), we have to find such a
quadratic form. It turns out that
〈Pma , Jnb 〉 = ηabδm,−n , 〈Pma , P nb 〉 = 〈Jma , Jnb 〉 = 0 (3.4)
defines an invariant form since the bilinear expression
W :=
∞∑
n=−∞
P a(n)J (−n)a (3.5)
commutes with all gauge group generators. For instance,
[W,P kb ] = εabc
∞∑
n=−∞
P a(n)P c(k−n) = 0 (3.6)
can be seen by performing an index shift n → n′ = k − n, which shows that the sum is
symmetric in a and c.4
We turn now to the calculation of the action, the equations of motion and the explicit
form of the gauge transformations, which is necessary to identify the Kaluza-Klein sym-
metries and fields. The gauge field takes values in the Kac-Moody algebra, i.e. it can be
written as
Aµ = ea(n)µ P na + ωa(n)µ Jna . (3.7)
4Upon truncating the quadratic form to the zero-modes, this reduces to an invariant form of the
Poincare´ algebra, which was the one used in [27] to construct the Chern-Simons action describing pure
gravity in D = 3.
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Note, that in the description of ordinary Einstein gravity as Chern-Simons theory the
gauge field ωaµ is interpreted as the spin-connection, which like in the Palatini formulation
is determined only by the equations of motion to be the Levi-Civita connection. Here,
instead, we have an infinite number of ‘connections’ and their meaning will be interpreted
later.
With the invariant quadratic form defined in (3.4), the action reads
SCS =
∫
d3x εµνρe(n)µa
(
∂νω
a(−n)
ρ − ∂ρωa(−n)ν + εabcω(m)νb ω(−n−m)ρc
)
. (3.8)
If we define ‘generalized’ curvatures
Ra(n) = dωa(n) + εabcω
(m)
b ∧ ω(n−m)c , (3.9)
the action may be written in a more compact form as
SCS =
∫
e(n)a ∧Ra(−n) . (3.10)
The field equations implying vanishing field strength, Fµν = 0, read in the given case
∂µe
a(n)
ν − ∂νea(n)µ + εabce(n−m)µb ω(m)νc + εabcω(n−m)µb e(m)νc = 0 ,
∂µω
a(n)
ν − ∂νωa(n)µ + εabcω(n−m)µb ω(m)νc = 0 .
(3.11)
Due to the mixing of the infinitely many ’spin connections’, the torsion defined by e
a(0)
µ
does no longer vanish by the equations of motion. This in turn implies that it is not
transparent which part of the Einstein equation expresses the curvature and which part
the energy-momentum tensor for the higher spin-2 fields. We will clarify this point later.
Next we evaluate the explicit form of the gauge transformations. Introducing the
algebra-valued transformation parameter u = ρa(n)P na + τ
a(n)Jna , for the transformations
given by δAµ = Dµu one finds
δea(n)µ = ∂µρ
a(n) + εabce
(n−m)
µb τ
(m)
c + ε
abcω
(n−m)
µb ρ
(m)
c ,
δωa(n)µ = ∂µτ
a(n) + εabcω
(n−m)
µb τ
(m)
c .
(3.12)
To see that these gauge transformations indeed include the spin-2 Kaluza-Klein trans-
formations (2.8) for M = 0, let us define for given KK transformation parameterized by
ξµk the gauge parameters
ρa(n) = ξµk e
a(n−k)
µ , τ
a(n) = ξµkω
a(n−k)
µ . (3.13)
Then the gauge transformation (3.12) takes the form
δea(n)µ = ∂µξ
ρ
ke
a(n−k)
ρ + ξ
ρ
k∂ρe
a(n−k)
µ
+ ξρk
(
∂µe
a(n−k)
ρ − ∂ρea(n−k)µ + εabce(n−k−m)µb ω(m)ρc + εabcω(n−k−m)µb e(m)ρc
)
,
(3.14)
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where we have again performed an index shift. We see that the first term reproduces
the correct KK transformation in (2.8) with M = 0, while the last term vanishes by the
equations of motion (3.11). On-shell the KK transformations are therefore realized as
gauge transformations. That the symmetry is realized only on-shell should not come as
a surprise because this is already the case for the diffeomorphisms [27], which are now
part of the KK-symmetries.
Thus we have determined a theory which is by construction a consistent coupling
of infinitely many spin-2 fields. One might ask the question whether the theory can
be consistently truncated to a finite number of spin-2 fields, i.e. where only e
a(n)
µ , n =
−N, ..., N for any finite N remain. This turns out not to be the case, because setting
all generators of the Kac-Moody algebra with |n| > N to zero does not result in a
consistent Lie algebra since the Jacobi identity would be violated,5 and correspondingly
the Chern-Simons theory would be inconsistent.
So far we have seen that the action permits a consistent spin-2 invariance. It remains
to be checked that it can also be viewed as a deformation of a sum of free Pauli-Fierz
Lagrangians (1.1), in particular that the first-order theory constructed here is equivalent
to a second order action. To see this we introduce an expansion parameter κ and linearize
the theory by writing
ea(0)µ = δ
a
µ + κh
a(0)
µ +O(κ
2) , ea(±1)µ = κh
a(±1)
µ +O(κ
2) . (3.15)
We concentrate for simplicity reasons only on the case where just e
a(±1)
µ are present. Even
though, as we have just seen, this is not consistent with the gauge symmetry in general,
it yields correct results up to order O(κ) as the corrections by the full equations are at
least of order O(κ2). Using the equations of motion for e
a(±1)
µ we can now express ω
a(±1)
µ
in terms of them. One finds upon expanding up to O(κ)
ωa(1)µ = κ
[
ενac(∂µh
(1)
νc − ∂νh(1)µc ) + δνb (hb(1)µ ωa(0)ν − ha(1)µ ωb(0)ν (3.16)
+ωb(0)µ h
a(1)
ν − ωa(0)µ hb(1)ν )−
1
4
εσρd(∂ρh
(1)
σd − ∂σh(1)ρd )δaµ
−1
4
δρcδσd(h
(1)
ρd ω
(0)
σc − h(1)ρc ω(0)σd + ω(0)ρd h(1)σc − ω(0)ρd h(1)σc )δaµ
]
+O(κ2) ,
and analogously for ω
a(−1)
µ . The next step would be to insert these relations into the
equation for e
a(0)
µ and solve the resulting expression for the ‘spin connection’ ω
a(0)
µ . How-
ever, due to the fact that e
a(±1)
µ as well as ω
a(±1)
µ are of order O(κ), for the approximation
linear in κ we just get
0 = εabcδµbω
(0)
νc + ε
abcδνcω
(0)
µb + κ
(
∂µh
a(0)
ν − ∂νha(0)µ + εabc(h(0)µb ω(0)νc + ω(0)µb h(0)νc )
)
. (3.17)
In the limit κ→ 0 this is the relation for vanishing torsion in the flat case and is therefore
solved by ω
a(0)
µ = 0. Up to order O(κ) we have the usual relation of vanishing torsion for
the ‘metric’ h
a(0)
µ and it can therefore be solved as in the standard case. But to solve the
5Similarly it has been shown in [28], that a restriction to a finite number of massive spin-2 fields in
Kaluza-Klein theories is not a consistent truncation.
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equation we have to multiply with the inverse vielbein and therefore up to order O(κ)
the solution is just the linearized Levi-Civita connection. Altogether we have
ωa(0)µ = κ(lin. Levi-Civita connection) +O(κ
2) . (3.18)
We can now insert this relation into the formulas (3.16) for ω
a(±1)
µ and get
ωa(1)µ = κ
[
ενac(∂µh
(1)
νc − ∂νh(1)µc )−
1
4
εσρd(∂ρh
(1)
σd − ∂σh(1)ρd )δaµ
]
+O(κ2) (3.19)
and analogously for ω
a(−1)
µ . Finally inserting this expression into the equation of motion
for ω
a(1)
µ to that order, i.e.
0 = ∂µω
a(1)
ν − ∂νωa(1)µ , (3.20)
and multiplying with εµνλ results in
0 = ∂µ∂
λhµν − ∂ν∂λhˆ + ηλνhˆ− ηλν∂µ∂ρhµρ + ∂ν∂µhµλ −hνλ . (3.21)
This coincides exactly with the equation of motion derived from the original free spin-2
action (1.1). Here we have defined hµν := δ
a
µh
(1)
νa + δaνh
(1)
µa , which also results up to O(κ)
from the general formula for the higher spin-2 fields in a metric-like representation:
g(n)µν := e
a(n−m)
µ e
(m)
νa . (3.22)
Clearly, also for the linearized Einstein equation we get the free spin-2 equation, and
therefore we can summarize our analysis by saying that the theory reduces in the lin-
earization up to order O(κ) to a sum of Pauli-Fierz terms. On the other hand, we know
that the full theory has the KK symmetries (2.8) which mix fields of different level and
accordingly the full theory (3.8) has to include non-linear couplings. This in turn implies
that the higher order terms in κ cannot vanish and our theory is therefore a true defor-
mation of a pure sum of Pauli-Fierz terms. In summary, one can solve the equations of
motion for ω
a(n)
µ at least perturbatively, thus giving a second-order formulation. However,
it would be much more convenient to have a deeper geometrical understanding for the
ω
a(n)
µ . Such a geometrical interpretation indeed exists and is given by Wald’s algebra-
valued differential geometry [12], which we are going to discuss in the next section.
3.2 Geometrical interpretation of the spin-2 symmetry
Cutler and Wald analyzed in [11] the question of possible consistent extensions of a free
spin-2 gauge invariance to a collection of spin-2 fields. In much the same way as a non-
abelian Lie algebra determines the gauge symmetry for a collection of spin-1 fields, they
found that such a spin-2 theory is organized by an associative and commutative algebra
A (which should not be confused with a Lie algebra). Namely, the additional index
which indicates the different spin-2 fields is to be interpreted as an algebra index, and
therefore any collection of spin-2 fields can be viewed as a single spin-2 field, which takes
values in a nontrivial algebra. Now, an associative and commutative algebra A can be
characterized by its multiplication law, which is with respect to a basis given by a tensor
aknm according to
(v · w)n = anmkvmwk , (3.23)
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where v, w ∈ A. That the algebra is commutative and associative is encoded in the
relations
akmn = a
k
(mn) , a
k
mna
n
lp = a
k
npa
n
ml . (3.24)
With respect to such a given algebra A, the allowed gauge transformations can be written
according to [11] as
δg(n)µν = ∂(µξ
(n)
ν) − 2Γσ nµν lξ(l)σ =: ∇µξ(n)ν +∇νξ(n)µ , (3.25)
where the generalized Christoffel symbol is defined by
Γσ nµν l =
1
2
gσρ kl
(
∂µg
n
ρν k + ∂νg
n
ρµ k − ∂ρg nµν k
)
, (3.26)
and
g kµν n = a
k
nmg
(m)
µν . (3.27)
We see that ∇µ has the formal character of a covariant derivative.
Moreover, it has been shown in [12] that beyond this formal resemblance to an ordi-
nary metric-induced connection, there exists a geometrical interpretation in the following
sense. As in pure general relativity, where the symmetry transformations are given by
the diffeomorphisms acting on the fields via the pullback, the above given transformation
rules are the infinitesimal version of a diffeomorphism on a generalized manifold. This
new type of manifold introduced in [12] generalizes the notion of an ordinary real man-
ifold to ’algebra-valued’ manifolds, where the algebra A replaces the role of R. To be
more precise, such a manifold is locally modeled by a n-fold cartesian product An in the
same sense as an ordinary manifold is locally given by Rn. On these manifolds one can
correspondingly define a metric which looks from the point of view of the underlying real
manifold like an ordinary, but algebra-valued metric. Now, the diffeomorphisms of these
generalized manifolds act infinitesimally on the metric exactly as written above. (For
further details see [12].) Moreover, most of the constructions known from Riemannian
geometry like the curvature tensor have their analogue here.
To check whether our theory fits into this general framework we first have to identify
the underlying commutative algebra. Due to the fact that the theory contains necessarily
an infinite number of spin-2 fields, the algebra has to be infinite-dimensional, too, and
we will assume that the formalism applies also to this case.
We will argue that the algebra is given by the algebra of smooth functions on S1,
on which we had compactified, together with the point-wise multiplication of functions
as the algebra structure.6 With respect to the complete basis {einθ, n = −∞, ...,∞} of
functions on S1, the multiplication is given due to elementary Fourier analysis by
(f · g)n =
∞∑
m=−∞
fn−m · gm =
∞∑
k,m=−∞
δk+m,nf
kgm , (3.28)
6That the spin-2 couplings arising in Kaluza-Klein compactifications might be related to Wald’s
framework in this way has first been suggested by Reuter in [29], where he analyzed the reduction
of a dimensionally continued Euler form in D = 6. Namely, the latter has the exceptional property
of inducing an infinite tower of massless spin-2 fields due to the existence of an infinite-dimensional
symmetry already in the higher-dimensional theory.
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such that the algebra is characterized by
ankm = δk+m,n . (3.29)
This implies that the metric can be written according to (3.27) as
g nµν k = a
n
kmg
(m)
µν = g
(n−k)
µν . (3.30)
Now it can be easily checked that the KK transformations (2.8) for M = 0 applied to
(3.22) can be written as
δg(n)µν = ∇µξ(n)ν +∇νξ(n)µ , (3.31)
i.e. they have exactly the required form. Here the connection ∇µ is calculated as in (3.25)
with respect to the algebra (3.29). For this we have assumed that indices are raised and
lowered according to
ξ(n)µ = g
n
µν kξ
(k)ν , (3.32)
while the inverse metric is defined through the relation
gµρ nkg
k
ρν m = δ
µ
ν δ
n
m . (3.33)
With the help of this geometrical interpretation we are now also able to interpret the
existence of an infinite number of ’spin-connections’ ω
a(n)
µ . If we assume that the vielbeins
are invertible in the sense of (3.33), one can solve the equations of motion (3.11) for the
connections in terms of e
a(n)
µ , as we have argued in sec. 3.1. Then one can define a
generalized covariant derivative by postulating the vielbein to be covariantly constant,
∇µea(n)ν = ∂µea(n)ν − Γρ nµν mea(m)ρ + ωa(n−m)µ b eb(m)ν = 0 . (3.34)
Since the antisymmetric part ∇[µea(n)ν] vanishes already by the equations of motion (3.11),
this requirement specifies the symmetric part of ∇µea(n)ν . In turn, the algebra-valued
metric (3.22) is covariantly constant with respect to this symmetric connection,
∇µg(n)νρ = ∂µg(n)νρ − Γσ nµν mg(m)σρ − Γσ nµρ mg(m)σν = 0 . (3.35)
But this is on the other hand also the condition which uniquely fixes the Christoffel
connection in (3.26) as a function of the algebra-valued metric [12]. Altogether, the
equations of motion for the Chern-Simons action (3.8) together with (3.34) determine a
symmetric connection, which is equivalent to the algebra-valued Christoffel connection
(3.26) compatible with the metric (3.22).
Wald also constructed an algebra-valued generalization of the Einstein-Hilbert action,
whose relation to the Chern-Simons action (3.8) we are going to discuss now. This
generalization is (written for three space-times dimensions) given by
Sm =
∫
amnlR
nε lµνρ dx
µ ∧ dxν ∧ dxρ , (3.36)
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where Rn and ε lµνρ denote the algebra-valued scalar curvature and volume form, respec-
tively [12]. Applied to the algebra (3.29) it yields
Sm =
∫
Rm−nε nµνρ dx
µ ∧ dxν ∧ dxρ . (3.37)
Here the volume form is given by ε nµνρ = e
nǫµνρ, where
en =
1
3!
ǫµνρǫabce
a(n−m−k)
µ e
b(m)
ν e
c(k)
ρ , (3.38)
such that the zero-component of (3.37) indeed coincides with the Chern-Simons action
(3.10). One may wonder about the meaning of the other components of the algebra-
valued action (3.37), whose equations of motion cannot be neglected for generic algebras.
However, the quadratic form (3.4) which has been used to construct the Chern-Simons
action (3.8), is actually not unique, but instead there is an infinite series of quadratic
forms,
〈Pma , Jnb 〉k = ηabδm,k−n , (3.39)
each of which is invariant and can therefore be used to define a Chern-Simons action.
These will then be identical to the corresponding components of the algebra-valued action
(3.37). But, as all of these actions imply the same equations of motion, namely Fµν = 0,
and are separately invariant under gauge transformations, there is no need to consider
the full algebra-valued metric, but instead the zero-component is sufficient.
Moreover, also matter couplings can be described in this framework in a spin-2-
covariant way. For instance, an algebra-valued scalar field φn can be coupled via
Smscalar =
∫
amnka
n
lp∂λφ
l∂λφpε kµνρ dx
µ ∧ dxν ∧ dxρ . (3.40)
Furthermore, (3.40) is invariant under algebra-diffeomorphisms. The latter acts as a
Lie derivative on algebra-valued tensor fields [12], such that the scalars transform with
respect to the algebra (3.29) exactly as required by (2.8) in the phase M → 0. Again, for
the algebra (3.29) considered here, the zero-component of (3.40) is separately invariant
and can be written as
Sscalar =
∫
d3x
√
g−n∂µφ
l∂µφn−l =
∫
d3xdθ
√
g∂µφ∂
µφ . (3.41)
Similarly, the Chern-Simons action can be rewritten by retaining a formal θ-integration
and assuming all fields to be θ-dependent. For explicit computations it is accordingly
often more convenient to work with θ-dependent expressions and therefore we will give
subsequent formulas in both versions.
Finally let us briefly discuss the resolution of the aforementioned no-go theorems
for consistent gravity/spin-2 couplings. In [9] it has been shown that Wald’s algebra-
valued spin-2 theories for arbitrary algebras generically contain ghost-like excitations.
Namely, the algebra has to admit a metric specifying the kinetic Pauli-Fierz terms in the
free-field limit and moreover has to be symmetric in the sense that lowering the upper
index in akmn by use of this metric results in a totally symmetric amnk = a(mnk). Now,
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requiring the absence of ghosts, i.e. assuming the metric to be positive-definite, restricts
the algebra to a direct sum of one-dimensional ideals (which means akmn = 0 whenever
m 6= n). The theory reduces in turn to a sum of independent Einstein-Hilbert terms. For
the infinite-dimensional algebra considered here the metric is given by the L2-norm for
square-integrable functions (see formula (A.2) in the appendix), which is clearly positive-
definite. The action may instead be viewed as an integral over Einstein-Hilbert terms
and is thus in agreement with [9].
3.3 Non-linear sigma-model and its global symmetries
Apart from the spin-2 sector also the infinite tower of scalar fields φn will survive in the
unbroken limit M → 0. We have seen in the last section how spin-2 invariant couplings
for scalar fields can be constructed. To fix the actual form of these couplings, we have
to identify also the global symmetries in this limit, and in order to uncover the maximal
global symmetry, we will dualize all degrees of freedom into scalars.
We note from (2.8) that in the unbroken phase the Virasoro algebra vˆ parameterized
by ξ5k reduces to an abelian gauge symmetry, while the full vˆ will then turn out to be
realized only as a global symmetry, which is typical for an ungauged limit. More precisely,
we expect an invariance under rigid transformations of the general form
δξ5χ
n = i
∑
k
(n− (1−∆)k)ξ5kχn−k , (3.42)
where ξ5k is now space-time independent. One easily checks that these are representations
of vˆ, which can therefore be labeled by their conformal dimension ∆. More precisely, the
KK fields eaµ, Aµ and φ transform as ∆ = 1, ∆ = −1 and ∆ = 2, respectively.
We start form the zero-mode action (2.3) and replace it by the algebra-valued gener-
alization discussed in the last section. For the Einstein-Hilbert term we have already seen
that this procedure yields the correct ̂iso(1, 2) gauge theory, and therefore it is sufficient
to focus on the scalar kinetic term and the Yang-Mills term. The action reads
Smatter =
∫
d3xdθe
(
−1
4
φ2F µνFµν +
1
2
φ−2gµν∂µφ∂νφ
)
, (3.43)
where all fields are now θ-dependent or, equivalently, algebra-valued.
To dualize the U(1) gauge fields Anµ into new scalars ϕ
n, we define the standard duality
relation
φ2Fµν = eεµνρg
ρσ∂σϕ , (3.44)
which is not affected by the θ-dependence of all fields. Thus, the abelian duality between
vectors and scalars persists also in the algebra-valued case, and the degrees of freedom can
be assigned to φ and ϕ. The Lagrangian for the scalar fields then takes in the unbroken
limit M → 0 the form
Lscalar = 1
2
egµνφ−2(∂µφ∂νφ+ ∂µϕ∂νϕ) , (3.45)
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which coincides formally with the zero-mode action after a standard dualization, but now
with all fields still being θ-dependent. From (3.44) one determines the transformation
properties of the dual scalar ϕ under vˆ and finds
δξ5ϕ = ξ
5∂5ϕ+ 2ϕ∂5ξ
5 , (3.46)
i.e. it transforms in the same representation as φ with ∆ = 2. (For the computation it
is crucial to take into account that also eaµ transforms under vˆ.) Now one easily checks
that the action is invariant under global Virasoro transformations.
Moreover, it is well known that the zero-mode scalar fields span a non-linear σ-model
with coset space SL(2,R)/SO(2) as target space, carrying the ’Ehlers group’ SL(2,R) as
isometry group [30]. If one includes all Kaluza-Klein modes at M = 0, this symmetry is
enhanced to an infinite-dimensional algebra, which we are going to discuss now. Defining
the complex scalar field Z = ϕ+ iφ, the action can be rewritten as
Lscalar = 1
2
egµν
∂µZ∂νZ¯
(Z − Z¯)2 , (3.47)
which is invariant under the SL(2,R) isometries acting as
Z → Z ′ = aZ + b
cZ + d
,
(
a b
c d
)
∈ SL(2,R) . (3.48)
This invariance is not spoiled by the fact that Z is still θ-dependent and so the SL(2,R)
acts on the full tower of Kaluza-Klein modes, as can be seen by expanding (3.48) into
Fourier modes. But moreover, also the SL(2,R) group elements can depend on θ, and
therefore an additional infinite-dimensional symmetry seems to appear.
To determine the algebra structure of this infinite-dimensional symmetry, let us first
introduce a basis for sl(2,R):
h =
(
1 0
0 −1
)
, e =
(
0 1
0 0
)
, f =
(
0 0
1 0
)
. (3.49)
Infinitesimally, with transformation parameter α = α(θ) they act as
δα(h)Z = −2αZ , δα(e)Z = −α , δα(f)Z = αZ2 , (3.50)
or, expanded in Fourier components, as
δαm(h)Z
n = −2αmZn−m , δαm(e)Zn = −δmnαm , δαm(f)Zn = αmZn−m−lZ l . (3.51)
In particular, the real part of Z, i.e. the dual scalar ϕ, transforms as a shift under e-
transformations, which will later on be promoted to local shift symmetries in the gauged
theory.
We can now compute the closure of these symmetry variations with the Virasoro
variations δξm(Q). One finds
[δξm(Q), δηn(h)]Z
k = −inδ(ξη)m+n(h)Zk ,
[δξm(Q), δηn(e)]Z
k = i(−n− 2m)δ(ξη)m+n(e)Zk ,
[δξm(Q), δηn(f)]Z
k = i(−n + 2m)δ(ξη)m+n(f)Zk ,
(3.52)
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where we have set
(ξη)m+n = ξmηn . (3.53)
Furthermore, the extended sl(2,R) transformations close among themselves according to
[δαm(h), δβn(e)]Z
k = 2δ(αβ)m+n(e)Z
k ,
[δαm(h), δβn(f)]Z
k = −2δ(αβ)m+n(f)Zk ,
[δαm(e), δβn(f)]Z
k = δ(αβ)m+n(h)Z
k ,
[δαm(h), δαn(h)]Z
k = [δαm(e), δαn(e)]Z
k = [δαm(f), δαn(f)]Z
k = 0 .
(3.54)
Altogether we can conclude that the following Lie algebra is a global symmetry of the
ungauged theory
[Qm, Qn] = i(m− n)Qm+n , [Qm, en] = i(−n− 2m)em+n ,
[Qm, hn] = −inhm+n , [Qm, fn] = i(−n + 2m)fm+n ,
[hm, en] = 2em+n , [hm, fn] = −2fn+m ,
[em, fn] = hm+n , [em, en] = [hn, hm] = [fm, fn] = 0 .
(3.55)
We see that the symmetry algebra includes not only the Virasoro algebra vˆ, but also the
Kac-Moody algebra ̂sl(2,R), which transforms under vˆ. Note, that these transformation
properties are not the standard ones known from the Sugawara construction (compare
the form of vˆ ⋉ ̂iso(1, 2) in sec. 2, see also [26]). However, this algebra reduces to the
standard form upon the change of basis given by Qˆm = Qm +mhm, such that it clearly
defines a consistent Lie algebra.
In summary, we can think of the scalar fields φn and ϕn as parameterizing an infinite-
dimensional σ-model coset space
M =
̂SL(2,R)
ŜO(2)
. (3.56)
Strictly speaking this is not full truth, since the metric used to contract indices is actually
algebra-valued. Thus, here we have an algebra-valued generalization of a σ-model, which
in turn is the reason that it does not only have the symmetries ̂sl(2,R), but instead the
whole algebra vˆ ⋉ ̂sl(2,R) defined by (3.55).
In total, the ungauged phase of the effective Kaluza-Klein action without any trun-
cation is therefore given by
S =
∫
d3x
(− εµνρe(n)µa (∂νωa(−n)ρ − ∂ρωa(−n)ν + εabcω(m)νb ω(−n−m)ρc )
+
1
2
egµνφ−2(∂µφ∂νφ+ ∂µϕ∂νϕ)
)
,
(3.57)
where in the second term the algebra multiplication defined in (3.40) is implicit, or
in other words, where all fields are θ-dependent and an integration over θ is assumed.
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The action is by construction invariant under spin-2 transformations. Moreover, we
have already seen that the scalar couplings are also invariant under global Virasoro
transformations. To see that this is also the case for the generalized Einstein-Hilbert
term, we have to show that one can determine the transformation rule for ω
a(n)
µ such that
the action stays invariant. This is indeed possible, and one finds
δξ5ω
a(n)
µ = i
∑
k
(n− k)ξ5kωa(n−k)µ , δξ5ωaµ = ξ5∂θωaµ . (3.58)
Equivalently, they can be computed by solving the ω
a(n)
µ in terms of the vielbeins by use
of (3.11) and then applying a vˆ transformation to this expression. Both results coincide.
Note that instead the full algebra-valued action (3.37) transforms non-trivially under vˆ,
namely as
δSm = imξ5nS
(m−n). (3.59)
However, as we have already seen in sec. 3.2, it is sufficient to include only the zero-
component in (3.57), which is clearly invariant.
3.4 Dualities and gauging
So far we have determined the unbroken phase of the KK theory in a description where
all propagating degrees of freedom reside in scalar fields. Before we turn to a gauging of
a subgroup of the global symmetries one may wonder whether it is still possible to assign
all degrees of freedom to scalars, since the introduction of gauge fields necessarily seems
to enforce the appearance of local degrees of freedom that are instead carried by vectors.
However, in [4, 19] it has been shown that in three-dimensional gauged supergravities
all Yang-Mills-type gaugings are on-shell equivalent to Chern-Simons gaugings (with an
enlarged number of scalar fields), in which case the gauge fields are topological and thus
all bosonic degrees of freedom still appear as scalar fields. We are going to show that
this duality also applies to the present case.
To begin with, we note that in the gauged theory all partial derivatives are replaced
by covariant ones. For a given field χ transforming in a representation ∆ under vˆ the
covariant derivative reads
Dµχ
n = ∂µχ
n − ig
∑
k
(n− (1−∆)k)Akµχn−k , (3.60)
where we have introduced the gauge coupling g =M . Indeed, it transforms by construc-
tion covariantly under local vˆ transformations, δξ(Dµχ
n) = ig(n − (1 − ∆)k)ξkDµχn−k,
if we assume as usual that Anµ transforms as a gauge field under the adjoint (i.e. as the
KK vector in (2.8) with ∆ = −1). Similarly, the non-abelian vˆ field strength is given by
F nµν = ∂µA
n
ν − ∂νAnµ + ig
∑
m
(n− 2m)An−mµ Amν . (3.61)
These expressions are given for the KK fields in θ-dependent notation by
Dµφ = ∂µφ− gAµ∂θφ− 2gφ∂θAµ ,
Fµν = ∂µAν − ∂νAµ − gAµ∂θAν + gAν∂θAµ .
(3.62)
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The part of the gauged action containing scalar fields will be given by the covarianti-
sation of the action (3.43) according to (3.62). One easily checks that this transforms
into a total θ-derivative under local ξ5k-transformations, i.e. defines an invariant action.
Furthermore, by explicit reductions [21, 22] it has been shown that exactly these terms
appear, as well as an explicit vˆ gauge invariant mass term for the spin-2 fields, i.e. the
action reads
Lscalar = 1
2
egµνφ−2DµφDνφ− 1
4
eφ2gµρgνσFµνFρσ + Lmass . (3.63)
To show that this action is indeed on-shell equivalent to a Chern-Simons gauged theory
we introduce following [4, 19] new gauge fields for each of the former Yang-Mills fields,
or in other words, we enhance the gauge symmetry with nilpotent shift symmetries (see
also [31]). To explain this dualization procedure, let us consider the Yang-Mills equation
resulting from (3.63)
Dµ(φ2Fµν) = jν , (3.64)
where jν denotes the current induced by the charged fields. It implies integrability of the
duality relation
1
2
e−1εµνρφ2Fνρ = D
µϕ+ gBµ =: Dµϕ , (3.65)
where ϕ will be the scalar field carrying the former degrees of freedom of Aµ, and Bµ is
the gauge field corresponding to the enlargement of the gauge group. From the previous
section we know already the transformation properties of ϕ under vˆ, and one may check
explicitly that it does not change in the gauged phase. In particular, also the dual vector
Bµ will transform with ∆ = 2, in other words it transforms under the dual of the adjoint
representation of vˆ, which will later on turn out to be important.7 To define the dual
action we add instead of the Yang-Mills term a Chern-Simons-like term B ∧ F , where F
denotes the non-abelian field strength, and get
Lscalar = 1
2
egµνφ−2 (DµφDνφ+DµϕDνϕ)− 1
2
gεµνρBµFνρ + Lmass . (3.66)
Indeed, varying with respect to Bµ one recovers the duality relation (3.65), and elim-
inating the dual scalar ϕ by means of this relation yields the Yang-Mills type theory
(3.63). Thus we have shown that the degrees of freedom of the Anµ can be assigned to
new scalars ϕn, if at the same time new topological gauge fields Bnµ are introduced that
promote the former global shift transformations (i.e. the e-transformations of ̂sl(2,R))
to a local symmetry.
7For each representation ρ on a vector space V one has the dual representation ρ∗ on the dual space
V ∗, which is defined by the requirement 〈ρ∗(g)(v∗), ρ(g)(v)〉 = 〈v∗, v〉, where 〈, 〉 denotes the natural
pairing between vectors in V and V ∗ and g is a group element. This implies ρ∗(g) = tρ(g−1) or at the
level of the Lie algebra ρ∗(X) = −tρ(X). Since the adjoint representation is given by (tn)mk = fnmk , the
co-adjoint has therefore the matrices (t∗n)
k
m = −(tn)km = −fnkm .
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4 Gauged phase of the Kaluza-Klein theory
Up to now we have determined the action (3.57) of the ungauged theory, which is invariant
under global vˆ ⋉ ̂sl(2,R) transformations as well as local spin-2 transformations. We
argued that in order to get the full Kaluza-Klein action one has to gauge the Virasoro
algebra together with the shift symmetries of (3.55). In the next section we discuss the
effect of this gauging on the topological fields. We will see that they combine into a single
Chern-Simons theory, quite analogous to gauged supergravities, where truncating to the
topological fields results in the Chern-Simons theories of [32] for AdS-supergroups. The
scalars will be discussed thereafter.
4.1 Local Virasoro invariance for topological fields
As usual the gauging proceeds in several steps. First of all, one has to replace all partial
derivatives by covariant ones. Let us start with the generalized Einstein-Hilbert term.
The covariant derivative for ω
a(n)
µ in accordance with (3.58) reads
Dµω
a(n)
ν = ∂µω
a(n)
ν − ig
∑
m
(n−m)Amµ ωa(n−m)ν , (4.1)
or equivalently
Dµω
a
ν = ∂µω
a
ν − Aµ∂5ωaν . (4.2)
The covariantized Einstein-Hilbert action is then invariant under local Virasoro trans-
formations. In contrast it will no longer be invariant under all spin-2 transformations,
but only under three-dimensional diffeomorphisms, since the explicit ∂5 appearing in the
covariant derivatives will also act on the spin-2 transformation parameter. Thus, the
gauging will deform the spin-2 transformations.
Furthermore, we have already seen that in order to guarantee that the resulting
action will be equivalent to the original Yang-Mills gauged theory, one has to introduce
a Chern-Simons term for the Kaluza-Klein vectors Anµ, whose propagating degrees of
freedom are now carried by the dual scalars ϕn, as well as for the dual gauge fields Bnµ .
This implies that we do not have to gauge only the Virasoro algebra vˆ, but instead the
whole subalgebra of (3.55), which is spanned by (Qm, em), while the rigid symmetry given
by hm and fm will be broken explicitly. Both gauge fields combine into a gauge field for
this larger algebra. Moreover, in contrast to vˆ itself this algebra carries a non-degenerate
invariant quadratic form, namely
〈Qm, en〉 = δn,−m , (4.3)
such that a Chern-Simons action can be defined. The existence of this form is due to the
fact that em transforms actually under the co-adjoint action of vˆ, as we have argued in
3.4. We will see that the Chern-Simons action with respect to this quadratic form indeed
reproduces the correct B ∧ F -term in (3.66).
It is tempting to ask, whether all topological fields, i.e. the gravitational fields to-
gether with the gauge fields for the Virasoro and shift symmetry, can be combined into
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a Chern-Simons theory for a larger algebra. The latter would have to combine the affine
Poincare´ algebra with the algebra spanned by (Qm, em). Naively one would think that the
semi-direct product vˆ⋉ ̂iso(1, 2) defined in (2.11) and extended by em according to (3.55)
is the correct choice. However, it does not reproduce the right KK symmetry transfor-
mations, and moreover, the algebra seems not to admit a non-degenerate and invariant
quadratic form. To see that a Chern-Simons formulation nevertheless exists, we observe
that varying the total action consisting of the sum of vˆ-covariantized Einstein-Hilbert
action and B ∧ F with respect to Aµ, we get the non-abelian field strength for Bµ plus
terms of the form eaµ∂5ωνa. Thus, a Chern-Simons interpretation is only possible if the
latter terms are contained in the field strength of Bµ, or in other words, if the algebra
also closes according to [P, J ] ∼ e.
Demanding consistency with the Jacobi identities and requiring that eaµ and ω
a
µ trans-
form under the right representation of vˆ, the following Lie algebra is then uniquely fixed
up to a free parameter α:
[Pma , J
n
b ] = εabcP
c(m+n) + iαnηabem+n , [J
m
a , J
n
b ] = εabcJ
c(m+n) ,
[Pma , P
n
b ] = 0 ,
[Qm, Qn] = ig(m− n)Qm+n , [Qm, P na ] = ig(−m− n)Pm+na ,
[Qm, Jna ] = −ignJm+na , [Qm, en] = ig(−n− 2m)em+n ,
[Pma , en] = [J
m
a , en] = [em, en] = 0 .
(4.4)
Here we have rescaled the Qm with the gauge coupling constant g for later convenience.
We see that one gets an algebra which looks similar to the one proposed in [20]
(see (2.11)), except that it does not contain the semi-direct product of vˆ with the affine
Poincare´ algebra, since the P na and J
n
a transform in different representations of vˆ. But in
contrast to sec. 3.3, where we observed a similar phenomenon for the global symmetry
algebra, there seems not to exist an obvious change of basis which reduces the algebra to
the standard form. Namely, because of the different index structure the Qm can be shifted
neither by Pma nor J
m
a . In fact, that the algebra is consistent even in this non-standard
form is possible only because of the nilpotency of translations, i.e. [Pma , P
n
b ] = 0.
Furthermore, we observe that the algebra admits a central extension em of the Poincare´
algebra even at the classical level. (Even though, strictly speaking, it is only a central
extension for the Poincare´ subalgebra, since the em do not commute with the Q
m.) Re-
markably, it is exactly this modification of the algebra that allows the existence of an
invariant quadratic form. Namely, the bilinear expression
W = P a(−m)J (m)a +
α
g
Qme−m (4.5)
(in particular, 〈Qm, en〉 = gαδm,−n) is invariant under (4.4). The total Chern-Simons
action constructed with respect to this quadratic form, with the gauge field written as
Aµ = ea(n)µ P na + ωa(n)µ Jna + AnµQn +Bnµen , (4.6)
is then indeed given by
SCS =
∫
d3xdθ
(
εµνρeµa(Dνω
a
ρ −Dρωaν + εabcωνbωρc) +
g
α
εµνρBµFνρ
)
, (4.7)
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i.e. consists of the vˆ-covariantized Einstein-Hilbert term and the Chern-Simons action
for Aµ and Bµ.
Let us briefly comment on the reality constraints on (4.4). Naively one would take
(4.4) as real Lie algebra, and correspondingly the gauge fields in (4.6) would also be real.
However, the reality condition (Q∗)m = Qm (and similarly for all other generators) is not
consistent, since taking the complex conjugate of (4.4) changes relative signs. Instead,
only the reality constraint (Q∗)m = Q−m can be consistently imposed. This is on the
other hand also in accordance with the reality condition for the original KK fields in
(2.2), and therefore the fields in (4.6) fulfill exactly the correct reality constraint. For the
Virasoro subalgebra this corresponds to a real section where the Mo¨bius group spanned
by Q−1, Q0 and Q1 is not SL(2,R), but instead the compact SU(2).
The equations of motion for the Chern-Simons action in (4.7) again imply vanishing
field strength,
Fµν = Ra(n)µν Jna + T a(n)µν P na + F nµνQn +Gnµνen = 0 , (4.8)
whose components can in turn be written as
Ra(n)µν = ∂µω
a(n)
ν − ∂νωa(n)µ + εabcω(n−m)µb ω(m)νc
+ ig
∑
m
(n−m)ωa(n−m)µ Amν − ig
∑
m
mAn−mµ ω
a(m)
ν ,
T a(n)µν = Dµe
a(n)
ν −Dνea(n)µ + εabce(n−m)µb ω(m)νc + εabcω(n−m)µb e(m)νc ,
F nµν = ∂µA
n
ν − ∂νAnµ + ig
∑
m
(n− 2m)An−mµ Amν ,
Gnµν = ∂µB
n
ν − ∂νBnµ + ig
∑
m
(m− 2n)An−mµ Bmν + ig
∑
m
(n+m)Bn−mµ A
m
ν
+ iα
∑
m
mea(n−m)µ ω
(m)
νa − iα
∑
m
(n−m)ωa(n−m)µ e(m)νa . (4.9)
Here Dµe
a(n)
ν denotes the vˆ-covariant derivative on e
a(n)
µ , which is in θ-notation given by
Dµe
a
ν = ∂µe
a
ν −Aµ∂5eaν − eaν∂5Aµ . (4.10)
Moreover, all quantities can be rewritten in θ-dependent notation, e.g. the non-abelian
field strength for Bµ is given by
Gµν = ∂µBν − ∂νBµ + 2(Bµ∂5Aν − Bν∂5Aµ)− Aµ∂5Bν + Aν∂5Bµ
+ α
(
eaµ∂θωνa − eaν∂θωµa
)
.
(4.11)
The gauge transformations for gauge parameter u = ρa(n)P na + τ
a(n)Jna + ξ
5
nQ
n+Λnen
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can be written as
δea(n)µ = ∂µρ
a(n) + εabce
(n−m)
µb τ
(m)
c + ε
abcω
(n−m)
µb ρ
(m)
c
− ignAn−mµ ρa(m) + ignea(n−m)µ ξ5m ,
δωa(n)µ = ∂µτ
a(n) + εabcω
(n−m)
µb τ
(m)
c
− ig
∑
m
mAn−mµ τ
a(m) + ig
∑
m
(n−m)ωa(n−m)µ ξ5m
δAnµ = ∂µξ
n
5 + ig
∑
m
(n− 2m)ξ5mAn−mµ ,
δBnµ = ∂µΛ
n + ig
∑
m
(m− 2n)ΛmAn−mµ + ig
∑
m
(n +m)ξ5mB
n−m
µ
+ iα
∑
m
mea(n−m)µ τ
(m)
a + iα
∑
m
(m− n)ωa(n−m)µ ρ(m)a . (4.12)
Let us now check, whether the KK symmetries are included in these gauge transfor-
mations. First of all, it reproduces the correct transformation rule for Bµ under vˆ, as can
be seen by rewriting the last equation of (4.12) in θ-dependent notation
δBµ = ∂µΛ− 2gΛ∂θAµ − gAµ∂θΛ + gξ5∂θBµ + 2gBµ∂θξ5 + αeaµ∂θτa − αρa∂θωaµ . (4.13)
By comparing (4.12) with (2.8) we also see that the Virasoro gauge transformations
parameterized by ξ5 are correctly reproduced for eaµ and Aµ. To compare with the spin-2
transformations we define in analogy to (3.13) the transformation parameter
ρa = ξρeaρ , τ
a = ξρωaρ , ξ
5 = ξρAρ . (4.14)
Then one finds for the vielbein
δξe
a
µ = ξ
ρ∂ρe
a
µ + ∂µξ
ρeaρ + gAρ∂θξ
ρeaµ − gAµ∂θξρeaρ − ξρT aρµ , (4.15)
which implies that on-shell, i.e. for T aµν = 0, the gauge transformations coincide with
the KK symmetries in (2.6) and (2.7). With the same transformation parameter and
Λ = ξρBρ we find for Aµ and Bµ the following transformation rules (again up to field
strength terms)
δξAµ = ξ
ρ∂ρAµ + ∂µξ
ρAρ − gAµ∂θξρAρ,
δξBµ = ξ
ρ∂ρBµ + ∂µξ
ρBρ − gAµ∂θξρBρ + 2gBµ∂θξρAρ + αeaµ∂θξρωρa ,
(4.16)
which reproduces for Aµ the same transformation as in (2.8), up to the φ-dependent term
(which, of course, cannot be contained in a Chern-Simons formulation.)
As in the case of the pure gravity-spin-2 theory, the topological phase of the Kaluza-
Klein theory is given by a Chern-Simons theory, and moreover the KK symmetry trans-
formations are on-shell equivalent to the non-abelian gauge transformations determined
by (4.4). Even though this equivalence holds only on-shell, the KK transformations are
separately an (off-shell) symmetry, since δξAµ = ξρFρµ leaves the Chern-Simons action
invariant, as can be easily checked with (3.2).
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Finally, let us check that spin-2 transformations together with the Virasoro trans-
formations build a closed algebra, as it should be at least on-shell, since they were
constructed as Yang-Mills gauge transformations. For the vielbein, e.g., one finds8
[δξ, δη5 ]e
a
µ = δ(ηξ)e
a
µ − δ(ξη)5eaµ , (4.17)
with the parameter given by
(ηξ)ρ = η5∂5ξ
ρ , (ξη)5 = ξρ∂ρη
5 . (4.18)
The same formula holds for Aµ and Bµ. But, for Bµ one also has to check the closure of
the shift symmetries with spin-2 and here one finds
[δξ, δΛ]Bµ = −δΛ˜Bµ − 2Λ∂5ξρFρµ , (4.19)
where
Λ˜ = ξρ∂ρΛ+ 2Λ∂5ξ
ρAρ . (4.20)
Therefore the algebra closes only on-shell, i.e. if Fµν = 0.
4.2 Virasoro-covariantisation for the scalars
To summarize the results of the last section, we have seen that in the gauged phase the
spin-2 transformations of sec. 3 are no longer a symmetry due to the substitution of
partial derivatives by covariant ones. Therefore the spin-2 transformations have to be
deformed by g-dependent terms. For the topological fields we have seen that a Chern-
Simons formulation exists, which in turn yields modified spin-2 transformations, which
are consistent by construction.
Next let us focus on the scalar fields. For them we have already noted the form of the
covariant derivative in (3.62), and the same formula holds for ϕ, but with the difference
that it also has to be covariant with respect to the local shift symmetries gauged by Bµ.
The latter act as δΛϕ = −gΛ, i.e. the covariant derivative reads in θ-notation
Dµϕ = ∂µϕ−Aµ∂5ϕ− 2ϕ∂5Aµ + gBµ . (4.21)
Altogether, replacing the partial derivatives in (3.57) by covariant ones and adding
the Chern-Simons action constructed in the last section as well as an explicit mass term
which is known to appear [22, 24], results in
SKK =
∫
d3xdθ
[
εµνρ
(− eaµ(Dνωρa −Dρωνa + εabcωbνωcρ)− 12gBµFνρ
)
+
1
2
egµνφ−2(DµφDνφ+DµϕDνϕ) + Lmass
]
.
(4.22)
Here we have determined the free parameter of the algebra (4.4) to be α = 2 in order to
get the correct Chern-Simons term for Aµ and Bµ discussed in sec. 3.4. Namely, there
8As before, we indicate Virasoro transformations by a subscript 5 on the transformation parameter.
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we have already observed that varying this action with respect to Bµ one recovers the
duality relation (3.65). In turn, the equations of motion for (4.22) and for the Yang-Mills
gauged action are equivalent. This can be seen directly by imposing the gauge ϕ = 0
in (4.22) and then integrating out Bµ, which results exactly in the Kaluza-Klein action
containing the Yang-Mills term in (3.63). Moreover, varying with respect to ωaµ still
implies T aµν = 0. This shows that ω
a
µ can be expressed in terms of e
a
µ as is standard, but
with the exception that all derivatives on eaµ are now vˆ-covariant. In the second-order
formulation this means that the Einstein-Hilbert part looks formally the same as in sec.
3, but with all Christoffel symbols now containing vˆ-covariant derivatives. This is on
the other hand also what one gets by direct Kaluza-Klein reduction in second-order form
[22, 24]. Thus we have shown, that (4.22) is on-shell equivalent to the Kaluza-Klein
action which results from dimensional reduction.
In view of the fact that (4.22) is manifestly vˆ and shift invariant it remains the question
how the spin-2 symmetries are realized. As for the case of the topological fields, also the
σ-model action for the scalar fields will no longer be invariant under the unmodified
spin-2 transformations for the same reasons. To find the deformed transformation rule
for the scalars, one way is to check the closure of the algebra. The unmodified spin-2
transformations do not build a closed algebra with the local vˆ transformations. But, if
we deform the spin-2 transformation to
δξφ = ξ
ρ∂ρφ+ 2gφ∂θξ
ρAρ, (4.23)
the algebra closes according to
[δξ, δη5 ]φ = δ(ηξ)φ− δ(ξη)5φ , (4.24)
i.e. exactly like in the case of the topological fields with the parameters given in (4.18).
The KK transformations can therefore be entirely reconstructed by requiring closure of
the algebra. The same transformation holds for the dual scalar ϕ.
In the presence of matter fields we have to be careful about the closure of the algebra
also on the gauge fields. Namely, for the pure Chern-Simons theory shift with spin-2
transformations in (4.20) close on-shell (as it should), but for the theory constructed
here the field strength does not vanish. Thus one way to get a closing algebra is to
extend the transformation rule according to
δ′Bµ = −2ϕ∂θξρFµρ , (4.25)
and all transformations close off-shell.
Therefore we see that in the full theory the transformation rules for the vectors Aµ
and Bµ get extended by scalar field dependent terms. That is on the other hand also
what we already know from the symmetry variations in (2.8) for Anµ, and these terms will
be needed in order for the full action to be spin-2 invariant. This is in complete analogy
to the construction of gauged supergravities, where the procedure of gauging is only con-
sistent with supersymmetry, if additional couplings like mass terms are added, while the
supersymmetry variations are supplemented by scalar-dependent terms. However, in the
present case the invariance of the Yang-Mills gauged Kaluza-Klein theory is guaranteed
by construction, which in turn implies that the on-shell equivalent dual theory (4.22)
is also invariant (if one assumes transformation rules for Bµ, which are on-shell given
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by the variation of the left-hand side of (3.65)). In view of our aim to construct the
Kaluza-Klein theories for more general backgrounds, it would however be important to
find a systematic procedure to determine the scalar-dependent corrections for gaugings
of arbitrary diffeomorphism Lie algebras. This we will leave for future work, but here let
us just show how the scalar-dependent correction in (4.25) ensures the invariance under
spin-2 for a subsector.
For this it will be convenient to separate from the spin-2 transformations those parts
which represent already a symmetry for each term separately. To do so we remember that
to realize the spin-2 transformations on the topological fields as gauge transformations
we had to switch on also the Virasoro transformations with parameter ξ5 = ξρAρ. Now
we will turn the logic around and apply a spin-2 transformation followed by a Virasoro
transformation with parameter ξ5 = −ξρAρ. Since Virasoro invariance is manifest, this
is a symmetry if and only if spin-2 is a symmetry. One may easily check that on eaµ and
φ (as well as ϕ) this transformation is given by
δξφ = ξ
ρDρφ ,
δξe
a
µ = ξ
ρDρe
a
µ +Dµξ
ρeaρ .
(4.26)
Here we have used (4.10) and also introduced a Virasoro covariant derivative for the spin-2
transformation parameter (of which we may think as transforming as δη5ξ
µ = η5∂5ξ
µ),
Dµξ
ρ = ∂µξ
ρ −Aµ∂5ξρ . (4.27)
We see that we get transformation rules which look formally like a diffeomorphism sym-
metry, except that all appearing derivatives are vˆ-covariant. In the following we will refer
to these transformations as ‘gauged diffeomorphisms’. In contrast, the gauge fields Aµ
and Bµ transform as
δξAµ = ξ
ρFρµ
δξBµ = ξ
ρDρBµ +Dµξ
ρBρ + αe
a
µ∂θξ
ρωρa .
(4.28)
It remains the question whether actions can be constructed that are manifestly invari-
ant under these transformations. To analyze this let us start with an action constructed
from a scalar Lagrangian given by
S =
∫
d3xdθ eL , (4.29)
and moreover being invariant under local Virasoro transformations. Put differently, this
means that the Lagrangian varies as δξ5L = ξ5∂5L − 2L∂5ξ5 under vˆ (because then
it transforms together with the vielbein determinant, whose symmetry variation reads
δξ5e = ξ
5∂5e + 3e∂5ξ
5, into a total θ-derivative). By use of the vˆ-covariant derivative
given by
DµL = ∂µL − Aµ∂5L+ 2L∂5Aµ , (4.30)
we can then evaluate the variation of the action under gauged diffeomorphisms and find
δξS =
∫
d3xdθ [(ξρDρe + eDρξ
ρ)L+ eξρDρL] =
∫
d3xdθDρ(eξ
ρL)
=
∫
d3xdθ [∂ρ(eξ
ρL)− ∂5(eξρAρL)] = 0 .
(4.31)
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Thus, if one constructs an action from a Lagrangian that transforms as a scalar un-
der gauged diffeomorphisms, then the action is invariant under these gauged diffeomor-
phisms if and only if it is also invariant under local Virasoro transformations. The
latter requirement is satisfied in our theory by construction. Thus it remains to be
checked whether the Lagrangian transforms as a scalar. However, using (4.26), (4.28)
and [Dµ, Dν]φ = −2φ∂5Fµν−∂5φFµν , one proves that the covariant derivative Dµφ trans-
forms under gauged diffeomorphisms as
δξ(Dµφ) = Dµξ
ρDρφ+ ξ
ρDρDµφ− 2φ∂5ξρFρµ , (4.32)
i.e. it does not transform like a one-form, but requires an additional piece proportional
to Fµν , which again shows that corrections have to be added to the transformation rules.
Let us consider the subsector of the theory where we rescale
eaµ → κeaµ , ϕ→ κ−1/2ϕ , (4.33)
and then take the limit κ→ 0. The action then reads
Sκ→0 =
1
2
∫
d3xdθ
(−gεµνρBµFνρ + egµνφ−2DµϕDνϕ) . (4.34)
However, in spite of the fact that the term ∼ eaµ∂θξρωρa in (4.28) disappears in this limit
and with the additional contribution (4.25) in the Bµ variation, the extra term in (4.32) is
canceled, and the kinetic term for ϕ is therefore separately invariant. The Chern-Simons
term on the other hand transforms according to (3.2) as
δξSκ→0 = −g
∫
εµνρFσµFνρϕ∂5ξ
σ = 0 , (4.35)
where we have used that a totally antisymmetric object in four indices vanishes in D = 3.
Thus we have shown the scalar field modification in (4.25) is sufficient in order to restore
the spin-2 invariance of this subsector of the theory.
5 Conclusions and Discussion
In this paper we have examined the spin-2 symmetries appearing in Kaluza-Klein the-
ories. Via analyzing an S1 compactification to D = 3 we have shown how a spin-2
symmetry is realized in the unbroken phase by constructing the Chern-Simons theory of
the affine Poincare´ algebra. This spin-2 symmetry fits also into a geometrical framework
introduced by Wald. The latter associates to any given commutative algebra a consis-
tent multi-graviton theory, and in the present case the algebra is given by the algebra
of smooth functions on S1. Even though the Chern-Simons description is special to
D = 3, the latter construction is possible in any dimension. Moreover, by constructing
the analogous extension of the Poincare´ algebra for arbitrary internal manifolds we prove
in the appendix that also in these cases the Chern-Simons theories are equivalent to the
algebra-valued gravity theories. Thus we have confirmed and refined the proposal made
in [29].
In addition, we discussed matter-couplings in the unbroken phase in a formulation,
where all degrees of freedom reside in scalar fields, and showed that they admit an
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enhanced infinite-dimensional rigid symmetry, which contains the Virasoro algebra and
an affine extension of the Ehlers group.
Upon gauging part of the global symmetries we constructed the broken phase, which
adds a Chern-Simons term for the KK vectors and an explicit mass term for the spin-2
fields. The latter theory was shown to be on-shell equivalent to the Yang-Mills gauged
action which one gets by direct KK reduction. Moreover, the KK vectors combined
with the metric and the higher spin-2 fields into a Chern-Simons theory for an extended
algebra, which features also a central extension for the affine Poincare´ subalgebra. The
non-abelian gauge transformations for this theory were shown to be on-shell equivalent
to the KK transformation in (2.8), up to scalar-dependent terms. This proves that
truncating only to the topological fields and disregarding scalar field contributions results
in a consistent theory. The latter is in analogy to gauged supergravities in D = 3,
where a truncation to the supergravity multiplet and the compact Chern-Simons gauge
fields results in the pure Chern-Simons theories for AdS-supergroups constructed in [32].
Similarly, in [33] couplings of an infinite tower of higher-spin fields to gravity have been
constructed as Chern-Simons theories for higher-spin algebras, and the present work
contains the analogue for an infinite tower of spin-2 fields.
Based on the algebra (4.4) we were able to analyze how the gauging deforms the
spin-2 symmetries for the topological fields. But, we can no longer expect this algebra
to be realized as a proper gauge symmetry also on the matter fields, since here even or-
dinary diffeomorphisms have no direct interpretation as Poincare´ gauge transformations.
We have seen that also scalar-dependent modifications of the spin-2 transformations are
required and have shown explicitly how the spin-2 invariance of a subsector (4.34) of the
theory is restored. However, we did not analyze in detail which scalar-dependent defor-
mations guarantee the invariance of the full theory containing a spin-2 mass term (whose
form can be found in [21]), but just observed that the existence of such a deformation
is ensured by the on-shell equivalence to the original KK theory. We will leave a more
exhaustive analysis of these deformations, i.e. a complete answer to question (iv) raised
in the introduction, for future work. The latter will also be necessary in order to consider
more general internal manifolds [34].
Finally let us comment on possible generalizations. Since our original motivation
was given by the AdS/CFT correspondence, we would like to analyze KK theories on
AdS3. For this, naively one would first replace the Poincare´ algebra in (4.4) by the AdS3-
isometry group SO(2, 2). But for non-vanishing cosmological constant λ one would get
the additional commutator [Pa, Pb] ∼ λJab, which in turn would render the algebra (4.4)
with its non-standard product between vˆ and the Kac-Moody algebra inconsistent, as
its consistency relied heavily on the nilpotency of the Pma . That this algebra would be
inconsistent should not be a surprise, because it would correspond to a compactification
on AdS3 × S1, which is not a solution of four-dimensional AdS-gravity. Accordingly, the
naive S1-reduction of AdS-gravity in D = 4 would result in a cosmological constant term
in D = 3 containing an explicit dilaton factor φ, which therefore could clearly not be
covered by a Chern-Simons description. On the other hand, for compactifications on,
say, AdS3×S3, which are solutions of the higher-dimensional gravity theories, one would
expect the appearance of consistent algebras like (4.4), containing an affine extension of
SO(2, 2).
Moreover, it would be interesting to extend the analysis to the compactification of
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supergravity theories [35]. This would require an extension of (4.4) to a super-Kac-Moody
algebra, whose Chern-Simons theory would then describe a supergravity with an infinite
number of gravitinos, i.e. possessing an infinite number of supercharges (N = ∞).
A resolution of the apparent conflict with the no-go theorem restricting the number
of real supercharges to be less or equal to 32, is given by the observation that upon
coupling to propagating matter these theories need not to admit a phase where the
whole supersymmetry is unbroken (see also the discussion in [16]).
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A Appendix: Spin-2 theory for arbitrary internal
manifold
In the main text we have shown that the Chern-Simons gauge theory of the affine Poincare´
algebra describes a consistent gravity-spin-2 coupling. This is on the other hand also
equivalent to Wald’s algebra-valued generalization of the Einstein Hilbert action, where
the algebra is given by the algebra of smooth functions on S1. We are going to show that
this picture generalizes to the case of an arbitrary internal manifold.
Let M be an arbitrary compact Riemannian manifold and {em} a complete set of
spherical harmonics (where generically m now denotes a multi-index), which we also take
as a basis for the algebra of smooth functions onM . The infinite-dimensional extension of
the Poincare´ algebra is no longer given by a Kac-Moody algebra, but instead is spanned
by generators P na = Pa ⊗ en and Jna = Ja ⊗ en, which satisfy the Lie algebra (compare
the algebra in [36])
[Pma , P
n
b ] = 0 , [J
m
a , J
n
b ] = εabcJ
c ⊗ (em · en) , [Jma , P nb ] = εabcP c ⊗ (em · en) . (A.1)
Here · denotes ordinary multiplication of functions. Note, that this algebra reduces for
the case M = S1 to the Kac-Moody algebra ̂iso(1, 2) in (2.11). There exists also an inner
product on the space of functions, which is given by
(em, en) =
∫
M
dvolMemen , (A.2)
such that a non-degenerate quadratic form on (A.1) exists:
〈Pma , Jnb 〉 = ηab(em, en) . (A.3)
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In complete analogy to sec. 3 a Chern-Simons theory can then be defined, whose equa-
tions of motion read
∂µe
a(n)
ν − ∂νea(n)µ + anmkεabc
(
e
(m)
µb ω
(k)
νc + ω
(m)
µb e
(k)
νc
)
= 0 ,
∂µω
a(n)
ν − ∂νωa(n)µ + anmkεabcω(m)µb ω(k)νc = 0 ,
(A.4)
while they are invariant under
δea(n)µ = ∂µρ
a(n) + anmk
(
εabce
(m)
µb τ
(k)
c + ε
abcω
(m)
µb ρ
(k)
c
)
, (A.5)
where anmk defines the algebra structure with respect to the basis {em}. If one defines
the transformation parameter to be
ρa(n) = anmkξ
µ(m)ea(k)µ , τ
a(n) = anmkξ
µ(m)ωa(k)µ , (A.6)
one can show using the equations of motion and the associativity (3.24) of the algebra,
that
δea(n)µ = a
n
mk
(
ξρ(m)∂ρe
a(k)
µ + ∂µξ
ρ(m)ea(k)ρ
)
. (A.7)
For the algebra-valued metric defined by gnµν = a
n
mke
a(m)
µ e
(k)
νa this implies
δξg
n
µν = ∂µξ
ρ(l)g nρν l + ∂νξ
ρ(l)g nρµ l + ξ
ρ(l)∂ρg
n
µν l
= ∇µξnν +∇νξnµ ,
(A.8)
where again (3.24) has been used. Altogether, the gauge transformations of the Chern-
Simons theory for (A.1) coincide with the algebra-diffeomorphisms. Thus we have shown
that also for arbitrary internal manifolds the Chern-Simons description based on the
algebra (A.1) is equivalent to Wald’s algebra-valued multi-graviton theory.
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